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Abstract. A Hecke action on the space of periods of cusp forms, which is 
compatible with that on the space of cusp forms, was first computed using 
continued fraction [19] and an explicit algebraic formula of Hecke operators 
acting on the space of period functions of modular forms was derived by 
studying the rational period functions 8 . As an application an elementary 
proof of the Eichler-Selberg trace formula was derived [26]. Similar modifi- 
cation has been applied to period space of Maass cusp forms with spectral 
parameter s [3TJ [521 HO] • In this paper we study the space of period functions 
of Jacobi forms by means of Jacobi integral and give an explicit description 
of Hecke operator acting on this space, a Jacobi Eisenstein series £'2,1 (r, z) 
of weight 2 and index 1 is discussed as an example. Periods of Jacobi in- 
tegrals are already appeared as a disguised form in the work of Zwegers to 
study Mordell integral coming from Lerch sums [27] and mock Jacobi forms 
are typical example of Jacobi integral[9]. 



1. Introduction 

Period functions of modular forms have played an important role to under- 
stand the arithmetics on cusp forms [T7]. Manin[19] studied a Hecke action on 
the space of period of cusp forms, which is compatible with that on the space 
of cusp forms, in terms of continued fractions. Later an explicit algebraic de- 
scription of a Hecke operator on the space of period functions of modular forms 
was given by studying the rational period functions[8]. As an application, a 
new elementary proof of the Eichler-Selberg trace formula was derived [26] . 
Moreover, various modifications of period theory have been also developed. A 
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notion of rational period functions has been introduced and completely clas- 
sified in the case of cofinite subgroups of (Z) [HI [161 O [I]- Some period 
functions were attached bijectively to Maass cusp forms according to the spec- 
tral parameter s and its cohomological counterpart was described (see [HI [2]). 
Similar modification to Hecke operators on the period space has also been 
applied to that of Maass cusp forms with spectral parameter s [21], [22], [20] . 

Historically, Eichler[TO] and Shimura[23] discovered an isomorphism between 
a space of cusp forms and Eichler cohomology group, attaching period polyno- 
mials to cusp forms. A notion of Eichler integral for arbitrary real weight with 
multiplier system has been introduced and shown that there is an isomorphism 
between the space of modular forms and Eichler cohomology group [H]. Along 
this line, recently a notion of Jacobi integral has been introduced [7] and shown 
there is also an isomorphism between the space of Jacobi cusp forms and the 
corresponding Eichler cohomology group [3]. Mock Jacobi form[9j is one of the 
typical example of Jacobi integral. 

The main purpose of this paper is to give an explicit algebraic description of 
Hecke operator on the period functions attached to the Jacobi integrals. This 
is an analogous result of [8] to the case of Jacobi forms. 

This paper is organized as follows: in section 2 we state the main results and 
section 3 discusses about a Jacobi Eisenstein series -£^2,1 (t, z) as an example of 
Jacobi integral with period functions. Basic definitions and notations are given 
in section 4 and section 5 gives proofs of the main theorems by introducing 
various properties which are modified from the results about rational period 
functions 181. 



2. Statement of Main Results 

r 

Let / be an element of J^^(r(l)), that is, / is a real analytic function 
/ : EI X C — i- C satisfying a certain growth condition with the following 
functional equation, 

(2.1) {f\k,ml)ir, z) = fir, z) + P,(r, z), V7 G r(l)^ 
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with G Vm, where Vm is a set of holomorphic functions 
(2.2) 

r^ = {g;'HxC^C\ \g{T,z)\ < K{\T\P + v-'')e'^^"''^, for some K,p,a> 0} 

( V = Im{T) and y = Im{z) ). 

in fl2TT]) is called a period function of /. If P-y{T,z) = 0,V7 G r(l)-^, / is 
a usual Jacobi form (see [H]). It turns out that each element of the following 

set 

3 5 

(2.3) Ven,m :={P:HxC^C\J2 P^mT' = ^kmU^ = 0} 

j=0 j=0 

(T=[(?V),(l,0)],5=[(il),(0,0)],f/ = 5T) 

generates a system of period functions {-P7I7 G r(l)'^} of / G j/^(r(l)). 
We also consider the following subspace: 

(2.4) EjljTil)) := {/ G J^„(r(l))| (1, 0)] = /}. 

It turns out that the following set 
(2.5) 

3 5 

SVerk,m :={P:nxC^C\ J^^kmT' = = (1.0)] 

j=0 j=0 

is a generating set of a system of period functions {-P7I7 G r(l)'^} of / G 

^4,^(r(i)). 

For each positive integer n, define two Hecke operators and 7^°° by 



(2.6) {f\,^^V^){r,z):=n'^-' d-'f (^^,az 

ad— n,a>o ^ 



d— n,a>c 
6 (mod d) 



d 



(2.7) 

(/U,^rr)(r,^) :=n'=-^ (/|,,„[( g S) , (X, y)])(r, ^), 



ad=v? ,gcd(a,6,a!)=n 
a,d>0,b (mod d),X,yeZ/nZ 



Then 

Theorem 2.1. (/U,.„V-) G jL„(r(l)) .// G jL(r(l)). 
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(2) Let f\,,^T = f + PT and if\k,mV^)\k,mnT = + Pt- Then 



where 

Vn = 



E 

i-bc=- 
•0,d>- 



ad — bc—n 
a>c>0,d>-b>0 



ad—n 
-^d<b<^d 



T\k,m 

a b 
c d 

a b 
d 



^ l),(o,o) 



,(0,0) 
(0,0) 



+ 



-c d 



+ E 



ad—n 
- ^ a<c< ^ a,c^O 



(0,0) 



a 
c ci 



Theorem 2.2. If f e EjI^{T{1)), then /U.^TT e EJi^^{T{l)). 

(2) Let f\k,mT = f + PT and {f\k,mV")\k,mT = {f\k,mV") + Pt. Then 



(0,0) 



Pt — ^PT\k,m%i, 



where 



E 



ad — be = , gcd(a, b, c, d) = □ 
a> c> 0,d> -b> 



x,y e 



+ 



E 



i(sS).(-f.ni + 



E 



ad = n^, gcd{a, b,d) = O 
-^d<b< \d 
X,y G Z/nZ 



ad = 'n? , gcd{a, c, d) = □ 
-|a < c < ia, c 7^ 

X, y e z/nz 



Remark 2.3. (1) There are Hecke operators acting on the space of Jacobi 
forms [11] . One needs to choose a special set of representatives to apply 
Hecke operators to Jacobi integral / since / is not r(l) ■^-invariant. 

(2) Note that acts only on the subspace EJl^(T{l)) (see sectionOfor 
details). 

(3) It is shown that there is an isomorphism between the space of Ja- 
cobi cusp forms and Eichler cohomology group with some coefficient 
module(there, denoted by V]^) corresponding to period functions for 

r 

/ G EJl ^(r(l)). Hence the Hecke operator Tn can also be regarded as 
an Hecke operator on the Eichler cohomology group. 
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3. Example of Jacobi Integral 

It is well known that Eisenstein series E2{t) := 1 — '^4:J2n>iCl2o<d\n^)l"^ 
not a modular form on r(l), but it is a modular integral (see [16]). Similarly 
Jacobi-Eisenstien series E2,i{t,z) is not a Jacobi form on r(l), but it is a 
Jacobi integral as we explain below. 

The following Jacobi-Eisenstein series was studied in [5]: 

E2,i{t, z) = -12 J2 ^(4n - r2)gX, g = e^"", C = e^"^ 

where H{n) be the class number of the quadratic forms of discriminant —n 
with H{0) = 

The theta decomposition of E2^i{t,z) is 

where 

Ar>0,JV=-At2 (mod 4) 

r — /I (mod 2) 

Remark 3.1. (1) £'2,1(^,-2) was defined in [5j as the holomorphic part of 

c4&,gcd{c,d)=l AeZ ^ ^ ' ' 

at s = 0. 

(2) A correspondence among E2{t), E2,i{t^ z) and Tis^T) := J2n>o^(^)l^ 
was studied in [5]. 

(3) niir) = 1-Lq{At)+1-Li{At) since H{N) = unless = 0, 3 (mod 4). 

The following function J-" transforms like a modular form of weight | on the 
group ro(4) (see [13], p 91-92): 

00 

jr(r) = 7/3 (r) + i;-^ ^ f3{47il^v)q-'\ 

£=-oa 
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where l3{x) := ^ u~^e~^^du{x ^ 0) and 

^^'^ E^.o (mod 2) P{rrl'v)q-^\ 1 + , + r)-|^9i,o(t, 0)df 



v-'^ (mod 2) f3{r^Pv)q-Tj 167r Vn(t + r)-.^i,,(t, 0)dt 
Consider a function 

ip{T,z) := To{T}i9ifi{T, z) + J^i(r)*'i,i(r,2) - ' 

with 



-^^(r) = H^(r) + i;-^ /^(Trf^t;)^-^,^ = 0, 1. 

e=i^i (mod 2) 

It is easy to check that y9(r, z) transforms hke a Jacobi form for r(l)"' of weight 
2 and index 1 and so ip\^ = Lp. On the other hand, following the computation 



in [13], page 92 we see 



16 V/l(r + ^)-i^i,i(«;,0)rfW V^i,i(^>^)/' 
using the transformation formula (for example, see [6j) of theta series Oi^^{t, z). 
So we conclude that 

(^2,ikiT)(r, z) = E2,i{t, z) + Pe2,i,t{'^^ 2;), 

where 



Next, for each prime p, let 



(^2|2r,^)(r):=p 5] rf-^i?2 



ad— p,(i>0 
b (mod d) 



Af=0,3 (mod 4) 
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and 



{E,,^U,^%nir,z)■.= p-' Yl E (^2,i|2.i[(S (A,/i)])( 



ad=p'2,a,d>0 A,/^eZ/pZ 
6 (mod ti),gcd (a,b,d) = n 



It can be directly checked that the following diagram commutes: 



E2(t) 

2 



{E2\2%°%){t) 



E2,i{T,z)^{E2,i\2,i%nir,z), 



1- 



24 



E„>iE.|„(f)c(S|/^|)g" with a fun- 



where ¥^(E„>ocHg") — - - 

damental discriminant D and V'(Z]n>o ■= X]„,r.ez,r2<4n c(4n 



^^^g"^- (see IS], Theorem 3.2). 

Remark 3.2. There is a one-to-one correspondence, which is Hecke equivari- 
ant, among the space of modular forms of weight 2k — 2{k even) on r(l), the 
Kohnen plus space of weight k — ^ on ro(4) and the space of Jacobi forms of 
weight k and index 1 on r(l)"'. The above diagram shows that this correspon- 
dence is extended to the more general case E2{t), H^ij) and E2.i{t, z). 

The above commutative diagram implies that -E'2,i|2,i7^°° = (p+ 1)-E'2,i since 
E2\2T^ = {p + 1)-E'2 (also see Knopp[T6]). In summary we have shown the 
following: 



Proposition 3.3. 



(i) {E2,i\2,iT){t,z) = E2,i{t, z) + PE2^^,T{r, z), where 



16 



£^{t + w)-iA,i{w, 0)dwj z) 
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(2) For each prime p, let {E2,i\2,iTp°°\2,iT){T, z) = E2,i{t, z) + PE2.uT{'r, z) . 
Then 

^-E2.i,t(i-, z) = p'^PE2,i,T\2,lfp ={p+l)- Pi?2,i,T(r, Z). 

4. Definitions and Notations 

Let "H be the usual complex upper half plane, t G Ti, z E C and r = 

u + iv, z = X + iy, u, v,x,y G M. Take k,m E Let 

r(i)^ := r(i) K = {[M, (A,/x)]|M G r(i), A,/i g z}, (r(i) = SL^iz)) 

be the full Jacobi group with a group law 

[Mi,(Ai,/ii)][M2,(A2,/i2)] = [MiM2,(A,/i)M2 + (A2,/i2)]. 

Let us introduce the following elements in r(l)"^: S = [( J } ) , (0, 0)], T = 
[( ; V ) , (1, 0)], To = [( ? V ) , (0, 0)],U = ST=[{\ ) , (1, 0)] , /2 = [/, (1, 0)], h 
[J, (0,1)], E=[/, (0,0)]. 

In [4j it is known that r(l)'^ is generated by S and T. Also r(l)"^ is generated 
by T and U and they satisfy the relations 

UT^ = T'^U[I, (-1, 0)] = T^[I, (0, -1)]U = [/, (0, 1)]T^U 

and these are the defining relations for r(l)'^. 

Also, let G-^ be the set of triples [M,X,C] (M G SL2(M),X G M2,C e 
C, Id = !)• Then G'^ is a group via 

[M, X, C] [M', X', C'] = [MM', XM' + X', CC' ■ e^"^'^'* (''^*'')], 
acting on X C as 

which defines a usual slash operator on a function f : x C ^ C defined by : 

{f\k,ml){T, z) := 3k,m{l, (r, z))f{-f{T, z)), 
with jk,m{'y, {r,z)) := C^{cT + rf)-fce2-™(-^+^'-+2^^+^^). Further let 



fkmii: Y)] := ^;:;^), (x, f), i] 



if ad - 6c = £ > . 
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We will omit ( if ( = 1. 

Definition 4.1. (Jacobi Integral) 

(1) A real analytic periodic (in both variables) function / : "H x C — t- C 
is called a Jacobi Integral of weight G Z and index m G Z with 
period functions on r(l)'^ if it satisfies the following relations: 

(i) For all 7 G r(l)-^ 

(4.1) f\k,ml = f{T, z) + P,(r, z), G V^. 

(ii) It satisfies a growth condition, when v,y ^ 00, 

|/(r,z)|?;-te-2--^ ^0. 
The space of Jacobi integrals forms a vector space over C and we denote it 

by ^/,„(r(i)^). 

The periodicity condition on / is equivalent to saying that f\k,mS = f\k,mh = 
f so that Ps{t, z) = Pi^{t, z) = 0. A set of period functions 

(4.2) {P,|7Gr(l)^} of / G Ji„(r(i)) 
satisfies the following consistency condition: 

^71 \k,ml2 + ^72, for all 7i, 72 e r(l) . 

So using the relations T'^ = = E, it is easy to see that Pt satisfies 

3 5 
5^P|fc,„T^ = 5^P|fc,^f/^ = 

j=0 j=0 

so that Pt belongs Verk^m- In fact it is shown in [7] that Verk^m generates the 
space of period functions {P7I7 G r(l)'^} of / G jlm^^i^))- 
Next we consider a subspace 

EjLim) = {9^ jl^{T{l))\9k.^h = 9} 

By the similar method as that for Vevk^m we can show that a set of period 
functions {P7I7 G r(l)''} of g is spanned by SVerk^m- 
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5. Hecke Operators on the space of Jacobi Integral 

We start to prove Theorem 12.21 and only sketch out the proof of Theorem 
12.11 briefly, since it is similar but simpler. 

5.1. Proof of Theorem Ela It is immediate to see f\k,mT^ G Ej/^(r(l)) 

r 

if / G EJl,^(T{l)) by checking the following: 

/k4( t %T ) > = /k4( ^ 1) , (0, 0)] • [( t ) , , 
fkmiit = fkn.[i, (0, -b)] ■ [/, (rf,o)] • lit %:)Ax,Y)], 

t tn ) ' ^ + ^)] = fkrnll, (0, «)] ■ [( t ^ ) ^ i^, Y)]. 

To prove (2) in Theorem 12. 2^ flrst we need to prove a couple of propositions 
and lemmata. For each integer n > let Ai:^ := {7 = [70, (X, F)] | 70 G 
i(M2(Z)/{±l}),X,F e (f)/nZ,rfet(7o) = 1}. Write := UMi^ndUi := 
T^lMi] and TZ-l := Z[M-l] = ®nMi, for the sets of flnite integral linear 
combinations of elements of Ai:^ and Ai'^, respectively. Then TZ'^ is a (non- 
commutative) ring with unity and is "multiplicatively graded" in the sense 
that IZ^JZj^ C T^mn all m, > 0; in particular, each TZ-^ is a left and right 
module over the group ring TZ{ = Z[r(l)"^] of r(l)'^. Denote by JT" the right 
ideal 

(1 + T + + T^)ni + {i + u + u'^ + + + u^)ni 

of 7^f . Finally denote M^^ hj e Mi\ X,Y e Z/nZ}. Then 

Proposition 5.1. Let he n-^+^T^ . 

(1 ) For each integer n > 1, t^{S - I) = 0, f^{Ii - I) = 0, f^{h - I) = 

{mod {s - i)ni + (Ji - i)ni + {h - and 

f^(T -i)^{T- i) fn (mod {s - mi + ih - mi + ih - mi) 

for a certain element Tn € TZi- 

(2) This element is unique modulo JTZi- 

(3) Ifn and n' are positive integers coprime to m then Tn, Tn' G "^4^ satisfy 
the product formula 

fn-fn'= Yl d'^-'^r^ imodis-mL'+ih-mL'+ih-mL')- 

d\ gcd (n,n') 
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The proof of Proposition 15. 1 1 is similar to that in [8] where the exphcit Hecke 
operators on the space rational period functions associated to elliptic modular 
forms were computed. 

Proof of Proposition 15.11 (1) For the assertion T^{S — J) = we compute 
as in [8]. To claim f^ih - I) = check that 



E [(ty/:)^(^^>^)][(^?)^(o,i)] 



ad=n ,gcd(a,f),d)=n 
a,d>0,b (mod d),X,Y&Z/nI 



E [(ty/:),(^>>^+i)] 



ad—n? ,gcd(a,f),d)=n 
a,d>0,b (mod d),X,Y€Z/nI 



ad=n^ ,gcd{a,b,d)=n 
a,d>0,b (mod d),X,Y&/nZ 

For the assertion T^{l2 — 1) = check that 



ad=n^ ,gcd(a,f),d)=n 
a,d>0,b (mod d),X,Y£Z/nI 



ad=n^ ,gcd{a,b,d)=n 
a,d>0,b (mod d),X,Y&/nZ 



a(i=n^,gcd(a,f),d)=n 
a,d>0,6 (mod d),X,yeZ/nZ 

To claim r„°°(T-/) = {T-I)fn (mod {s-i)ni + {h-i)ni + {i2-i)ni) 

we need the following lemma. 

Lemma 5.2. TaAie any 7 G r(l)'^. T/ien 

7 - / G (T - /)7^f + {s- i)n(. 

Proof of Lemma 15.21 This lemma follows by induction on the word length. 
Assume this holds for some 7 G r(l)'^. Note that T7 — J = (T — 1)7 + (7 — J), 
^7 - J = (5 - /)7 + (7 - /), 5-I7 - / = - /)(-^-i7) + (7 - /) also 
belong to (T — I)7l'( + {S — I)'R.i. Since 5*, T generates r(l)'^, lemma follows 
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by induction on the word length. 



□ 




),(0,0)][( 



(b,d)/n —aS/n 
n/{b,d) 



),(F + 1,-X)] 



for some /3, 5 G Z such that — jYIjf^ ~ ^- Hence for each index i we can 
choose index i' such that MjT = 7jMj/ for some ji G r(l)'^ so that the set of 
i"s is equal to that of i. Then f^{T - 1) = J^li^t' - Mi = - 
and this belongs to (T — 1)71^ + ('S' — 1)7^;[ by Lemma \572[ 

(2) To characterize the elements of JM.^ consider an^^acyclicity" condition, 
which was introduced in [S] in the case of the modular group: suppose V is an 
abelian group on which r(l)"^ acts on the left. Then V" is a left T?.^'- module. 
For X eni let Ker{X) ■= {v eV\Xv = 0}, Im{X) := {Xv \v e V}. We 
call V acyclic if 



Then the following holds: 
Lemma 5.3. TZ:^ is an acyclic TZf-module for all n. 

Proof of Lemma [SH First we claim that Ker{l + T + + T^) n Ker{I + 
U + ■ ■■ + U^) = {0} : let X = Y^ n^-f{n^ G Z, 7 G Mi) be an element of TZi- 
Suppose that X G Ker{l+T+T^+T^)nKer{I+U+- ■ ■ + U^). Take any r(r) = 
where a G C is not rational or quadratic and let g(r, z) := {r\k^mX){T, z). 
Then q{T,z) behaves somewhat like the rational period functions in |8j, i.e., 
it has finite number of singularities as a function of r(when z is fixed), and 
these singularities are rational or real quadratic. But it can be seen that for 
some Zq, q{T, zq) has a singularity at some point r = M~^a with hm 7^ 0, 
contradicting to the fact that g(r, zq) have singularities only at rational or 
quadratic irrational points. On the other hand, if X is left invariant under 



Ker{l + T + T^ + T^)n Ker{I + U + --- + U^ 
Ker{I -T) = Im{I + T + T^ + T^), 



) = {0} 



and 



Ker{I -U) = Im{I + U + + + + U^). 
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T, then um = nxM = ^t^m = "^t^m for all M, and since M,TM,T^M, and 
T^M are distinct, this means that X can be written as an integral linear 
combination of elements M + TM + T^M + T^M = {1 + T + T^ + T^)M e TZ'!^. 
Similarly, X = UX implies nM = njjM = ■ ■ ■ = nusM for all M and hence 
X E (1 + f/ + ■ • ■ + U^)TZ'l^. This proves the second hypothesis in the definition 
of acyclicity. 

□ 

Lemma 5.4. IfV is an acyclic T— module and f G V, then 

{I-T)v G {I-S)V ^ve {1+T+T'^+T^)V+{I+U+U'^+U^+U^+U^)V = JV. 

Proof of Lemma 15.41 The direction "<^=" is true for any r(l)'^-module, since 
V = {1 + T + + T^)x +{I + U + + + + U^)y implies 

(/ - T)v = (1 - S-^U){I + U + --- + U'')y = {S- 1)S-\I + U + --- + U^)y. 

Conversely, assume that V is acyclic and (1 — T)v = (1 — S)w for some w E V. 
Then 

{l~T){v-{l+T + T^)w) = {1-T)v-{1-T^)w = {T^ - S)w = {l-U)T^w. 

This element must vanish since Im{l—T)r\Im{l — U) C Ker{l+T+T'^+T^)D 
Ker{I + U + --- + U^)={0}. But then t;- (l+T + r^)^ G Im{{l + T + T^ + T^)) 
and T^w G Im{{I + U + ■ ■ ■ + U^)) by the second hypothesis in the definition 
of acyclicity, so v = {v - {1 + T + T'^)w) + (1 + T + + r^)^ - T^w G 
(1 + T + r2 + T^)V +{I + U + --- + U^)V. 

□ 

Lemmas 15.31 and 1 5.41 give a characterization of J^TZn {X G TZ^l {l — T)X G 

(1 - s)ni}. 

(2) The uniqueness of Tn modulo J^TZ^ follows immediately from this char- 
acterization and the definition of %i- 
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(3) Finally, 

{T-l){fn-fn'- V d^^'-^fr.^') 
d\ gcd {n^n') 

= fr{T-i)fn'- V d2'-=^(T - i)r„„' 

d\ gcd (n,n') 

= t"[t^(r - 1) - (5 - - (Ji - i)Yn> - ih - i)ZrA - V rf^'^-^rr, (t - 1) 

— 

d\ gcd (n,ra') 

= (t"-t„^- 5^ rf2'^-3t^)(T-l)(mod(5-l)7^;^ + (/l-l)7^;: + (/2-l)7^;:), 

d\ gcd (n,?i') 

and 

■ - E ^''"'tj = (mod {s - mi + (Ji - 1)7^;^ + (/2 - mi) 

d\ gcd (n,n') 

by the usual calculation for the commutation properties of Hecke operators. 
This completes the proof of Proposition 15. 1[ 
Now we are ready to prove Theorem l2.2l -(2): 

5.2. Proof of Theorem [212]- (2). For any (X, F) G l^jnl?, the maps 

where [] denotes the integral part, are to give inverse bijections between the 
sets 

An := {[(2^) , {X,Y)] e Mija >c>0,d> -b>0,b = 0^a> 2c,gcd{a,b,c,d) = □} 
and 

i3„ = e Mli\a> -c>0,d>b>0,c = 0^d> 2b,gcd{a,b,c,d) = □}. 

Note that 

ad — be = n? ,gcd(a, b, c, d) = □ 
a>c> 0,d>-b>0 
X,Y e Z/nZ 



( -a+clS;] ] ) > (X, Y) 



-c+a[f] -d+b[i] 



, (X, Y) 
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ad = n?, gcd(a, &, d) = □ 

id > b > 



ad = ■n?,gcd(a, c, d) = □ 
ia > c> 

x,y e z/nz 



Conjugating this equation by a := [( "^^ °), (0, 0)] changes the sign of all the 
off-diagonal coefficients of each 2x2 matrices and each X's, and preserves 
the property "=", since aSa~^ = (0, 0)], = Ii, and al2a~^ — 

[(q 5), (— 1, 0)]. Also since X can be chosen freely in Z/nZ, note that we may 
change —X to X. Adding the result to the original equation, we get 

(I-T) E [i{t'd) + i-c-d)),iX,Y)] 

ad — hc = v?, gcd{a, b, c,d) = □ 
o>c>0, d>-6>0 
X, Y e Z/nZ 

E Wa-b')-iVa)Ux,y)]- 

ad = n^,gcd{a, fe, d) = □ 
< |6| < Id 
X,Y e Z/nZ 

Hence, 



{i-T)fn^ E [iVd),i^,yw-T) 

ad = V? ,gcd(a, 6, d) = □ 
-id<6< id 
X, Y e Z/nZ 

+ E 

ad = 11^ , gcd(a, d) = □ 
o, d > 0, d even 
X,Y e Z/nZ 

The first sum on the right is = T^il — T), while the second equals to 
^E [{{lV-{'-''J))AX,Y)] 

al3=^,gcd{a,P) = a 

a,/3 > 
X,Y & Z/nZ 



-(4,°)),(x,r)]. 
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(X,F)]^0. 



a,/3 > 
X,Y e Z/nl 



□ 



5.3. Proof of TheoremEZKl). To see /U,„V- G J,^„(r(l)) if / G J,^,^(r(l)) 
note that 



((/k-K°°)L,™J(7')'(^'/^)])(^'^) 



ad—n 
b (mod d) 



^ J>(0'0) 



k,m 



and ((/U,„.[(^^),(A,/i)])|,^V„°°)(r,z) 



k 



ad—n ^ l- 
b {mod d) 



So applying the following equalities 

./Vl b/Vl 
d/Vl 



E y,:J).(o.o)l[(J!).(o.o)]= E [(J!).(o.o)][Cf y4).(o,o) 



ad— I 
b (mod d) 



ad— I 
b {mod d) 



E ^m). (0.0)] ^']= E lW).(o,a)]\{"f'-J,^,),M 



ad— I 
b {mod d) 



ad— I 
b (mod d) 



to f\k,n 



^ Ox 

^ J>(0'0) 



fr, we conclude our claim. 



5.4. Proof of Theorem l2.1l -(2). By following similar way to the proof of 
Theorem 12.21 - (2) we find an explicit formula for Vn and the detailed proof will 
be skipped. 



PERIODS OF JACOBI FORMS AND HECKE OPERATOR 



17 



References 

[1] A. Ash, Parabolic cohomology of arithmetic subgroups of SL{2, Z) with coefficients in 
the field of rational functions on the Riemann sphere, Amer. J. Math. Ill (1989), no. 
1, 35-51. 

[2] R. Bruggeman, J. Lewis and D. Zagier, Period functions for Maass wave forms II: 

cohomology, preprint (2012). 
[3] D. Choi and S. Lim, The Eichler cohomology theorem for Jacobi forms, arXiv 

:1211.2988v2 (2013). 

[4] Y. Choie, A short note on the full Jacobi group, Proc. Amer. Math. Soc. 123 (1995), 
no. 9, 2625-2628. 

[5] Y. Choie, Correspondence among Eisenstein series £'2,i(t, z), ifs (r) and E2{t), 

Manuscripta Math. 93 (1997), no. 2, 177-187. 
[6] Y. Choie, Half integral weight Jacobi forms and periods of modular forms, Manuscripta 

Math. 104 (2001), no. 1, 123-133. 
[7] Y. Choie and S. Lim, Eichler integrals, period relations and Jacobi forms. Math. Z. 271 

(2012), no. 3-4, 639-661. 
[8] Y. Choie and D. Zagier, Rational period functions for PSL{2,Z), A tribute to Emil 

Grosswald: number theory and related analysis, 89-108, Contemp. Math., 143, Amer. 

Math. Soc, Providence, RI, 1993. 
[9] A. Dabholkar, S. Murthy and D. Zagier, Quantum black holes, wall crossing, and mock 

modular forms, larXiv:1208.4074l (2012). 
[10] M. Eichler, Eine verallgemeinerung der Abelschen integrale. Math. Z. 67 (1957), 267- 

298. 

[11] M. Eichler and D. Zagier, The theory of Jacobi forms. Progress in Mathematics, 55. 

Birkhuser Boston, Inc., Boston, MA, 1985. v-|-148 pp. 
[12] J. Hilgert, D. Mayer and H. Movasati, Transfer operators for ro(A^) and the Hecke 

operators for the period functions of PSL{2,Z), Math. Proc. Cambridge Philos. Soc. 

139 (2005), no. 1, 81-116. 
[13] F. Hirzebruch and D. Zagier, Intersection numbers of curves and Hilbert modular sur- 
faces and modular forms of Nebentypus, Invent. Math. 36 (1976), 57-113. 
[14] M. Knopp, Some new results on the Eichler cohomology of automorphic forms, Bull. 

Amer. Math. Soc. 80 (1974), 607-632. 
[15] M. Knopp, Rational period functions of the modular group. With an appendix by 

Georges Grinstein, Duke Math. J. 45 (1978), no. 1, 47-62. 
[16] M. Knopp, Recent developments in the theory of rational period functions. Number 

theory (New York, 1985/1988), 111-122, Lecture Notes in Math., 1383, Springer, Berlin, 

1989. 



18 



YOUNGJU CHOIE AND SEOKHO JIN 



[17] W. Kohnen and D. Zagier, Modular forms with rational periods, Modular forms 

(Durham, 1983), 197-249, Ellis Horwood Ser. Math. AppL: Statist. Oper. Res., Hor- 

wood, Chichester, 1984. 
[18] J. Lewis and D. Zagier, Period functions for Maass wave forms 1, Ann. of Math. (2) 

153 (2001), no. 1, 191-258. 
[19] Y. Manin, Periods of parabolic forms and p-adic Hecke series. Mat. Sb. 21 (1973), 

371-393. 

[20] Y. Manin, Remarks on modular symbols for Maass wave forms. Algebra & Number 

Theory 4 (2010), no. 8, 1091 1114. 
[21] T. Miihlenbruch, Hcckc operators on period functions for the full modular group, Int. 

Math. Res. Not. 2004, no. 77, 4127-4145. 
[22] T. Miihlenbruch, Hecke operators on period functions for ro{N), J. Number Theory 

118 (2006), no. 2, 208-235. 
[23] G. Shimura, Sur les integrates attachees aux formes automorphes, J. Math. Soc. Japan 

11 (1959) 291-311. 

[24] G. Shimura, On modular forms of half integral weight, Ann. of Math. (2) 97 (1973), 
440-481. 

[25] D. Zagier, Hecke operators and periods of modular forms. Festschrift in honor of I. I. 

Piatetski-Shapiro on the occasion of his sixtieth birthday, Part II (Ramat Aviv, 1989), 

321-336, Israel Math. Conf. Proc, 3, Weizmann, Jerusalem, 1990. 
[26] D. Zagier, Periods of modular forms, traces of Hecke operators and multiple zeta 

values. Research into automorphic forms and L- functions (Japanese) (Kyoto, 1992), 

Surikaisekikenkyiisho Kokyiiroku No. 843 (1993), 162-170. 
[27] S. Zweger, Mock theta functions, Utrecht PhD thesis (2002). 

Department of Mathematics and PMI, Pohang University of Science and 
Technology, Pohang, 790 784, Korea 
E-mail address: yjcOpostech.ac.kr 

Department of Mathematics and PMI, Pohang University of Science and 
Technology, Pohang, 790-784, Korea 
E-mail address: archimedOpostech.ac.kr 



